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It has been recently proposed to study generic dynamical evolutions of the neutral kaon system that
go beyond quantum mechanics. We explicitly show that, unless the condition of complete positivity
is enforced, those dynamics are physically inconsistent and should be rejected.
PACS numbers: 03.65.Ca, 13.20.Eb
In a recent paper, H.-J. Gerber discusses possible ex-
tensions of the time-evolution of the neutral kaon system,
beyond standard quantum mechanics. The system can
be modeled by a two-dimensional Hilbert space and its
states can be described by a 2× 2 density matrix ρ. The
time-evolution equation considered in [1] is:
∂
∂t
ρ(t) = L[ρ(t)] , (1)
where L is a generic linear map. In this note, we would
like to point out that time-evolutions generated by equa-
tions of the form (1), without further restrictions, are in
general physically inconsistent.
In going beyond conventional quantum mechanics, one
has to be careful not to destroy the probabilistic inter-
pretation of ρ, on which all physical considerations are
based. To be specific, the finite time evolution map
γt : ρ(0) 7→ ρ(t) must at least preserve the positivity of
the eigenvalues of ρ(t) for all times t ≥ 0. However, this
condition alone does not guarantee the positivity of the
eigenvalues of density matrices of correlated kaons evolv-
ing with γt ⊗ γt: in fact, γt has to be not only positive,
but also completely positive. [2,3,5] This requirement is
physically unavoidable, since correlated kaons are indeed
produced in the decay of φ mesons, and are the focus of
experimental investigations in the so called φ-factories.
Without the complete positivity of γt, the time evolu-
tion γt⊗γt of correlated kaons would be beset by negative
eigenvalues of evolving density matrices. [2,3]
In general, since the neutral kaon system is unstable,
the evolution γt must satisfy a forward in time composi-
tion law, decrease the trace of the kaon state and increase
its von Neumann entropy. Together with complete posi-
tivity, this fixes the generator L in (1) to be [2,6]
L[ρ] = −i [M,ρ(t)]−
1
2
(Γρ+ ρΓ ) + LD[ρ] . (2)
The first two pieces in the r.h.s. of (2) correspond to
the Weisskopf-Wigner standard evolution with effective
hamiltonian H = M − (i/2)Γ . The term LD is a dissi-
pative contribution [6]. By writing ρ as a 4-vector with
components (ρ0, ρ1, ρ2, ρ3) along the identity matrix σ0
and the Pauli matrices σi, i = 1, 2, 3, [LD] acts as:
[LD] = −2


0 0 0 0
0 a b c
0 b α β
0 c β γ

 , (3)
and the six real parameters must satisfy
2R ≡ α+ γ − a ≥ 0 , RS ≥ b2 ,
2S ≡ a+ γ − α ≥ 0 , RT ≥ c2 ,
2T ≡ a+ α− γ ≥ 0 , ST ≥ β2 ,
RST ≥ 2 bcβ +Rβ2 + Sc2 + Tb2 .
Concretely, let ρ± = (σ0±σ3)/2, σ± = (σ1±iσ2)/2 and
set for simplicity M = Γ = 0, a = b = c = 0, α = γ = 1,
β = 1/2: since 0 = ST < β2 = 1/4, γt is positive but
not completely positive. The initial projections ρ± evolve
1
into ρ±(t) = 1/2(σ0 ∓ sσ2 ± rσ3), where r = e
−2t cosh t
and s = e−2t sinh t, and keep positive eigenvalues, while
σ±(t) = 1/2(σ1±irσ2∓isσ3). Therefore, the initial state
ρS = 1/2(ρ+ ⊗ ρ− + ρ− ⊗ ρ+ − σ+ ⊗ σ− − σ− ⊗ σ+) ,
describing two correlated kaons, evolves with γt⊗ γt into
ρS(t) =
1
4


1− x −iy −iy −1 + x
iy 1 + x −1− x iy
iy −1− x 1 + x iy
−1 + x −iy −iy 1− x

 ,
where x = e−4t cosh(2t), y = e−4t sinh(2t), and develops
a negative eigenvalue as soon as t > 0. [3,5]
Concluding, physical consistency demands that it is
the time evolution generated by the equation in (2), and
not the generic one given by (1) that should be compared
with the experimental data. [4,5]
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